




5 Constellation for Digital Modulation Schemes

5.1 PAM

Definition 5.1. Recall, from 3.6, that PAM signal waveforms are rep-
resented as

sm(t) = Amp(t), 1 ≤ m ≤M

where p(t) is a pulse and Am ∈ A.

5.2. Clearly, PAM signals are one-dimensional since all are multiples of the
same basic signals. We define

φ(t) =
p(t)√
Ep

as the basis for the PAM signals above. In which case,

sm(t) = Am

√
Epφ(t), 1 ≤ m ≤M

and the corresponding one-dimensional vector representation is

s(m) = Am

√
Ep.

The corresponding signal space diagrams for M = 2, M = 4, and M = 8
are shown in Figure 4.

5.3. The mapping or assignment of b information bits to the M = 2b

possible signal amplitudes may be done in a number of ways. The preferred
assignment is one in which the adjacent signal amplitudes differ by one
binary digit. This mapping is called Gray coding.

• It is important in the demodulation of the signal because the most likely
errors caused by noise involve the erroneous selection of an adjacent
amplitude to the transmitted signal amplitude. In such a case, only a
single bit error occurs in the b-bit sequence.

5.4. For carrier-modulated bandpass PAM signals, we have

p(t) = g(t) cos(2πfct).
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FIGURE 3.2-1 
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• • • Constellation for PAM signaling . 
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signal amplitudes differ by one binary digit as illustrated in Figure 3 .2-1. This mapping 
is called Gray coding. It is important in the demodulation of the signal because the most 
likely errors caused by noise involve the erroneous selection of an adjacent amplitude 
to the transmitted signal amplitude. In such a case, only a single bit error occurs in the 
k-bit sequence. 

We note that the Euclidean distance between any pair of signal points is 

(3.2-18) 

(3.2-19) 

(3.2-20) 

where the last relation corresponds to a bandpass PAM. For adjacent signal points 
I Am - An I = 2, and hence the minimum distance of the constellation is given by 

(3.2-21) 

We can express the minimum distance of an M-ary PAM system in terms of its ebavg 

by solving Equations 3.2-6 and 3.2-12 for [ P and eg, respectively, and substituting the 
result in Equation 3.2-21. The resulting expression is 

drmn = 
12log2 M & 
M2- 1 bavg (3.2-22) 

The carrier-modulated PAM signal represented by Equation 3.2-8 is a double­
sideband (DSB) signal and requires twice the channel bandwidth of the equivalent 
lowpass signal for transmission. Alternatively, we may use single-sideband (SSB) PAM, 
which has the representation (lower or upper sideband) 

Sm(t) = Re [Am (g(t) ± jg(t))ejZxfct], m = 1,2, ... ,M (3.2-23) 

Figure 4: Constellation for PAM signaling

Note that Ep =
Eg
2 .

The bandpass digital PAM is also called amplitude-shift keying (ASK).
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5.2 Phase-Shift Keying (PSK)

Definition 5.5. In digital phase modulation, the M signal waveforms
are represented as

sm(t) = g(t) cos

(
2πfct+

2π

M
(m− 1)

)
, m = 1, 2, . . . ,M (2)

where

• g(t) is the signal pulse shape and

• θm = 2π
M (m−1), m = 1, 2, . . . ,M is the M possible phases of the carrier

that convey the transmitted information.

Digital phase modulation is usually called phase-shift keying (PSK).

5.6. The PSK signal waveforms defined in (2) have equal energy:

5.7. Note that

(a) From the cos identity

cos(α± β) = cosα cos β ∓ sinα sin β,

we have

sm(t) = g(t) cos (θm) cos (2πfct)− g(t) sin (θm) sin (2πfct) .

(b) g(t) cos (2πfct) and −g(t) sin (2πfct) are orthogonal.
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Therefore, we define

φ1 (t) =

√
2

Eg
g(t) cos (2πfct) , (3)

φ2 (t) = −

√
2

Eg
g(t) sin (2πfct) . (4)

In which case,

sm(t) =

√
Eg
2

cos (θm)φ1 (t) +

√
Eg
2

sin (θm)φ2 (t) .

Therefore the signal space dimensionality is N = 2 and the resulting vector
representations are

s(m) =

(√
Eg
2

cos (θm) ,

√
Eg
2

sin (θm)

)
.

5.8. Signal space diagrams for BPSK (binary PSK, M = 2), QPSK (qua-
ternary PSK, M = 4), and 8-PSK are shown in Figure 5.Chapter Three: Digital Modulation Schemes 

FIGURE 3.2-3 
Signal space diagrams for BPSK, QPSK, 
and 8-PSK. 
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and the minimum distance corresponding to lm- nl = 1 is 

dmin = J eg ( 1 - cos ~) = J 2eg sin2 ~ (3.2-32) 

Solving Equation 3.2-26 for eg and substituting the result in Equation 3.2-32 result in 

(3.2-33) 

For large values of M, we have sin "fi :::::: -¥1, and dmin can be approximated by 

(3.2-34) 

A variant of four-phase PSK (QPSK), called ~-QPSK, is obtained by introducing 
an additionalJT /4 phase shift in the carrier phase in each symbol interval. This phase 
shift facilitates symbol synchronization. 

3.2-3 Quadrature Amplitude Modulation 

The bandwidth efficiency ofPAMjSSB can also be obtained by simultaneously impress­
ing two separate k-bit symbols from the information sequence on two quadrature carriers 
cos 2JT Jet and sin 2JT Jet. The resulting modulation technique is called quadrature PAM 
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Figure 5: Signal space diagrams for BPSK, QPSK, and 8-PSK.

Note that BPSK corresponds to one-dimensional signals, which are iden-
tical to binary PAM signals.
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5.3 Quadrature Amplitude Modulation (QAM)

Definition 5.9. In Quadrature Amplitude Modulation (QAM), two
separate b-bit symbols from the information sequence on two quadrature
carriers cos (2πfct) and sin (2πfct) are transmitted simultaneously. The cor-
responding signal waveforms may be expressed as

sm (t) = A(I)
m g (t) cos (2πfct)− A(Q)

m g (t) sin (2πfct) , m = 1, 2, . . . ,M (5)

where

• A(I)
m and A

(Q)
m are the information-bearing signal amplitudes of the

quadrature carriers and

• g(t) is the signal pulse.

Equivalently,

sm (t) = Re
{(
A(I)
m + jA(Q)

m

)
g (t) ej2πfct

}
(6)

= Re
{
rme

jθmg (t) ej2πfct
}

(7)

= rm cos (2πfct+ θm) (8)

where

• rm =

√(
A

(I)
m

)2

+
(
A

(Q)
m

)2

is the magnitude

and

• θm is the argument or phase

of the complex number A
(I)
m + jA

(Q)
m .

5.10. From (8), it is apparent that the QAM signal waveforms may be
viewed as combined amplitude (rm) and phase (θm) modulation. In fact,
we may select any combination of M1-level PAM and M2-phase PSK to
construct an M = M1M2 combined PAM-PSK signal constellation.

• If M1 = 2b1 and M2 = 2b2, the combined PAM-PSK signal constellation
results in the simultaneous transmission of b1 + b2 = log2M1M2 binary
digits occurring at a symbol rate R/(b1 + b2).
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5.11. From (5), it can be seen that, similar to the PSK case, φ1(t) and
φ2(t) given in (3) and (4) can be used as an orthonormal basis for QAM
signals. The dimensionality of the signal space for QAM is N = 2. Using
this basis, we have

sm(t) = A(I)
m

√
Eg
2
φ1 (t) + A(Q)

m

√
Eg
2
φ2 (t)

which results in vector representations of the form

s(m) =

(
A(I)
m

√
Eg
2
, A(Q)

m

√
Eg
2

)
.

5.12. Examples of signal space diagrams for combined PAM-PSK are shown
in Figure 6, for M = 8 and M = 16.Chapter Three: Digital Modulation Schemes 

M=8 

M=16 

FIGURE 3.2-4 
Examples of combined PAM-PSK constellations. 

In the special case where the signal amplitudes take the set of discrete values 
{(2m- 1-M), m = 1, 2, ... , M}, the signal space diagram is rectangular, as shown 
in Figure 3.2-5. In this case, the Euclidean distance between adjacent points, i.e., the 
minimum distance, is 

(3.2-41) 

which is the same result as for PAM. In the special case of a rectangular constellation 
with M = 22k1 , i.e., M = 4, 16, 64,256, ... , and with amplitudes of ±1, ±3, ... , 
±(v'JiJ- 1) on both directions, from Equation 3.2-39 we have 
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Figure 6: Examples of combined PAM-PSK constellations.

In the special case where the signal amplitudes are taken from the set
of discrete values A = {(2m− 1−M),m = 1, 2, . . . ,M}, the signal space
diagram is rectangular, as shown in Figure 7.

5.13. PAM and PSK can be considered as special cases of QAM. In QAM
signaling, both amplitude and phase carry information, whereas in PAM
and PSK only amplitude or phase carries the information.
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Chapter Three: Digital Modulation Schemes 

M=8 

M=16 

FIGURE 3.2-4 
Examples of combined PAM-PSK constellations. 

In the special case where the signal amplitudes take the set of discrete values 
{(2m- 1-M), m = 1, 2, ... , M}, the signal space diagram is rectangular, as shown 
in Figure 3.2-5. In this case, the Euclidean distance between adjacent points, i.e., the 
minimum distance, is 

(3.2-41) 

which is the same result as for PAM. In the special case of a rectangular constellation 
with M = 22k1 , i.e., M = 4, 16, 64,256, ... , and with amplitudes of ±1, ±3, ... , 
±(v'JiJ- 1) on both directions, from Equation 3.2-39 we have 
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Figure 7: Several signal space diagrams for rectangular QAM.

5.4 Orthogonal Signaling

Definition 5.14. In orthogonal signaling, the waveforms sm(t) are orthogo-
nal and of equal energy E . In which case, the orthonormal set {φm(t), 1 ≤ m ≤ N}
defined by

φm(t) =
sm(t)√
E
, 1 ≤ m ≤M

can be used as an orthonormal basis for representation of {sm(t), 1 ≤ m ≤M}.
The resulting vector representation of the signals will be

s(1) =
(√

E, 0, 0, . . . , 0
)
,

s(2) =
(

0,
√
E, 0, . . . , 0

)
,

... =
...

s(M) =
(

0, 0, 0, . . . ,
√
E
)
.
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