
Parts a and b consider cosine with no phase shift. Therefore, we will appply the folding technique.

Parts c and d consider complex expo. Therefore, we will appply the tunneling technique.

Solution



Derivation of the "folding" and the "tunneling" techniques









First, we need to look at the freq. domain representation of the given signal to find the maximum non-zero
frequency B.

multiplication in time domain

convolution in freq. domain
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Problem 4: Aliasing and periodic square wave 
(a)  

 

(b) sgn(cos𝜔0𝑡) = 2 × 1[cos𝜔0𝑡 ≥ 0] − 1. So, a = 2 and b = -1. 

(c)   

(c.i) From  

1[cos𝜔0𝑡 ≥ 0] =
1

2
+

2

𝜋
(cos𝜔0𝑡 −

1

3
cos3𝜔0𝑡 +

1

5
cos5𝜔0𝑡 −

1

7
cos7𝜔0𝑡 + ⋯ ), 

and  

𝑔(𝑡) = sgn(cos𝜔0𝑡) = 2 × 1[cos𝜔0𝑡 ≥ 0] − 1 

we have  

𝑔(𝑡) = sgn(cos𝜔0𝑡) =
4

𝜋
(cos𝜔0𝑡 −

1

3
cos3𝜔0𝑡 +

1

5
cos5𝜔0𝑡 −

1

7
cos7𝜔0𝑡 + ⋯ ). 

where 𝜔0 = 2𝜋𝑓0. 

(c.ii)  

(c.ii.i) Theoretically, 𝐺(𝑓) should have spikes (impulses) at all the odd-integer 

multiples of f0 Hz. The center spikes (at f0) should be the largest among them. 

Here, 𝑓0 = 10. Therefore, the largest spike occurs at ±10 Hz, followed by smaller 

spikes at all the odd-integer multiples (i.e., at ±30, ±50, ±70, etc). 

(c.ii.ii) The sinc function is simply the Fourier transform of the rectangular windows. 

Because the area of the rectangular window is 1×2 = 2, its Fourier transform 

(which is a sinc function) has its peak value of 2. This is further scaled by a factor 
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of ½ from the cosine. Therefore, each “impulse” (“sinc”) that we see should have 

its height being the same as the coefficient of corresponding cosine. For 

example, at f0, the coefficient of the cosine is 
4

𝜋
. Therefore, we expect the 

height of the “impulse” at f0 to be 
4

𝜋
  1.2732.  

The theoretical values for the height of other impulses is shown by the pink 

circles in the plot. We see that our predicted values match the plot quite well. 

 

(d)  Here, we also shows the time-domain plots as well. In the time domain, the switching 

between the values -1 and 1 should be faster as we increase f0. All the plots here are 

adjusted so that they show 10 periods of the “original signal” in the time domain. (This is 

done so that the distorted shape (if any) of the waveform in the time domain is visible.) 

(d.i) From the plots, as we increase f0 from 10 to 20 Hz, the locations of spikes changes from 

all the odd-integer multiples of 10 Hz to all the odd-integer multiples of 20 Hz. In 

particular, we see the spikes at 20, 60, 100, 140, 180, 220, 260, 300, 340, 

380, 420, 460. Note that plotspect (by the way that it is coded) only plots from [-

fs/2,fs/2). So, we see a spike at -500 but not 500. Of course, the Fourier transform of the 

sampled waveform is periodic and hence when we replicate the spectrum every fs, we 

will have a spike at 500. Note that, in theory, we should also see spikes at 540, 580, 

620, 660, and so on. However, because the sampling rate is 1000 [Sa/s], these high 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-1

-0.5

0

0.5

1

Seconds

sign(cos(2: f t )) where f = 10 using sampling interval TS = 0.001

-500 -400 -300 -200 -100 0 100 200 300 400 500
0

0.5

1

1.5

Frequency [Hz]

M
a
g
n
it
u
d
e



frequency spikes will suffer from aliasing and “fold back”1 into our viewing window [-

fs/2,fs/2). However, they fall back to the frequencies that already have spikes (for 

example, 540 will fold back to 460, and 580 will fold back to 420) and therefore the 

aliasing effect is not easily noticeable in the frequency domain.  

  

(d.ii) When f0 = 40 Hz, we start to see the aliasing effect in the frequency domain. Instead of 

seeing spikes only at 40, 120, 200, 280, 360, 440, the spikes at higher 

frequencies (such as 520, 600, and so on) fold back to lower frequencies (such as 

480, 400, and so on). The plot in the time domain still looks quite OK with small 

visible distortion. 

(d.iii) At high fundamental frequency f0 = 100 Hz, we see stronger effect of aliasing. In the 

time domain, the waveform does not look quite “rectangular”.  

 
In the frequency domain, we only see the spikes at 100, 300, and 500. These are at 

the correct locations. However, there are too few of them to reconstruct a square 

waveform. The rest of the spikes are beyond our viewing window. We can’t see them 

                                                      
1 Because the squarewave is real and even, the Fourier transform is also real and even. Therefore, the “folding 
effect” is “equivalent” to the “tunneling effect”. 
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directly because they fold back to the frequencies that are already occupied by the 

lower frequencies. Note also that the predicted height (pink circles) at 300 Hz is quite 

different from the plotspect value. This is because the content from the folded-back 

higher-frequencies is being combined into the spikes. 

Our problem can be mitigated by reducing the sampling interval to TS = 1/1e4 instead of 

TS = 1/1e3 as shown by the plot on the right above. 

(d.iv) Finally, at the highest frequency f0 = 300 Hz, if we still use T = 1/1e3, the waveform 

will be heavily distorted in the time domain. This is shown in the left plot below. We 

have large spikes at 300 as expected. However, the next pair which should occur at 

900 is out of the viewing window and therefore folds back to 100.  

 
Again, the aliasing effect can be mitigated by reducing the sampling time to T = 1/1e4 

instead of T = 1/1e3. Now, more spikes show up at their expected places. Note that we 

can still see a lot of small spikes scattered across the frequency domain. These are again 

the spikes from higher frequency which fold back to our viewing window. 
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Q5 Sinc Reconstruction of Sinc: MATLAB Simulation
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