Poisson Process (with Probability Review) : Part 1
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Poisson FProcess (wi\—h PYObi;li'\—/ YevieV\J)

I~ this wvote w e con.siae_w o ;'V\(:OV"'OI'\T
vandom precess called Yoisson process. This
is o popular model fov customer

calls re_osues‘\'e_é Yo +e\ef1«one

\arbcess
Ourll-vou\s Ovr

S)ls'i’evv\ S.

We stea.t Ly mocle.\\‘ns Poissen FProcess ous co
vcw\éolvw arvange meny O'F \\W\Ob'kS” Lc\enoﬁ-ed
by “x“ ) on the time line. These mavks

1298 indicate +we fFime Hhatr coustomers
ayrive ©r $we Hane et call veg ve sYs ase

VV‘G\.dQ_ .
AL (v N N Nese e N ~
ZaN 2E€ 78 [ 7 SN 7\ 7 r
“")n\e

We w'.\\ ‘FOCUS o One kin& b{: \ao'tssoﬂ fvoces.s:

homojeﬂQOU_s Poisson PIOceSS

From now on, when we say T Poisson rvoce,.ss"’)
wratr we wmeon 1S “\«ombﬁeneou: Poi ss o6n

P

r’oce §S °

The -c{rs\" prorczk- of Poisscn process vt
ou Should vemenibe, s Haat

there s on\y one Parame'\"e/ j‘:—o.« Poiss o M
precess . This rJGthme.“’Ef is the rate o v
inten~st by of avr vals ('Hf\e Ouvefa\c)e number
of arrivals pev untd Hme).

We wvuse >\ Yo denrore this Pavame:\'er.

T )\ is a con stant  the Poisson process
s \'\omocjemeo\as-

TE N s a fvaction o'F -\—'.mej soy XL\')}
twe Polssen process
1S nor\—homoaer\eous.
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Oov /\ \s constYant becouse we -‘;—ocus o
\no“r\btaeneous Poismn fvoce.SS.

S0, how can this A contvol te Foisson froCtss?
The key idea s trat tve FPoisson process (fF)
'S &y ven dows /uns‘\"uc'\'we,é as a procesy Con be.
Theve ‘Fovej f we coasider wan o V\-Dvel\qff')nj
'\n*'@.rval]s 6n e time-line shoan \oe\ow)

In‘\‘!.v v&\ A ]:vn "'Q’VG‘ YA In'\'e: va‘ 3
e [ ..), | - C. %_\ e r L A ne S
r e LI\ ra) __‘ A LAI\ J [ L- ..I ray r

o‘né couvat thre wrumber O'F avvivals in Tese
TaYes VOtIS.

'T]ne.\n)"\’he. numbeyg N1) Nz,Ng should Le
;ndefenaev\‘\"/' Hat s kv\bw'lns e value 0‘[‘
N, doe> ot +ell Uy on +h;n) or all about what
N'Z ong N_‘; wil) be.. Twvis s w‘/\o"" we Owve DO\'\j
Yo take a5 < Ve g ue definitor of tre
\EOm 'a\C‘H‘- van doa ness 0+ +e Pois son frbceSS.

So Now, we Wave One mMOre profezi'/ ofF PP -

The vumber of crrivals in non—ovev\prir\3
'\V\‘\'e/va\s v e .lndefe,héen'\-.

fﬁ)/ sa.y'.nj somethiaeg Cuve ]f\éef)%c\?x\"’} of Couvse
we veoan it jA Yorms of {;ro\aalo',l{ . Note
Thet 1T v be. g Nsz) N} above T arve yondom.
Becavse Ywey ave couating e nuombes of arrivals,
we lknow }'h“'\' ‘\"he/ can be Ov\)/ Y\of\'r\cjoﬂ';ve,
'\f\\-eaefs :
O, 1,2, %, « cuum

Becawvse we dor’t know Preir exact values . we
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Becavse we don’t know Preir exact valuey | we

describe Yenr viee e \kelihood o ‘wobqb”ib
ratr Pty v\ Yokt one of prese values,

Fo: c,):o\mf\e_/ ‘Fo/ N.,/ we A,_,c_,;},e RS ]o),
PLN'\—_OQ/ P[Nq.—_‘\]/ p[_N1 =z'_\/ .

where
PN, =k] 35 bre probability thatr N,
Yakes tne vauve .

The oabeoye 1otation s o bt |0n3. So, we
cge fine
P (1 = PN, =2k ],
1

This P () is Then o Lonction of k which

Yells tne probebility tatr N, will take o
Pw‘ch\oV valve K. We cal) PN1 ‘he f"°|=°'b"li+/y

Mmass 'F'U/\ c¥ion (f’m-{-) o{" N,\

A"' 'H"l‘) fD'lf\'\'JwQ éol\"\" know W\bc\'\ OI\VOUT FN (k)
e_xce‘a'\- ot +he); ave Le'\-ween o ond 1 Om1<:l

te svan Pove)
Z P\ =1 e 7
=0

k These two ove

e ne cesscary
ond suf ficieny
properties of

Qﬂ/ ,om-F

Whenrn we say tha N, ond N, ove :adepen&erd}'
Y meons Prat

FLN1=k and Nz:m]

(w\nic% 15 tne froba\ps\'r\}v that N, =k ong
Nz’cm) Qambe writrYes as e frod.uc,'\'

P, k) % Py (m).

Do we kvow O‘A/'Hﬁ'\nj Q,\se GLOO'\' N1/ NI)NJ?
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What obouY e >\7 Can we connect J\ +o
NS, Nz/NJ(Z

Re call tra¥ >\ 1S e o\ve/qje Nua ber of

orv:val per unit Fiawe.

So, 4 A =5 tval e we
>, 5k oy viva S/l/\o\w N

exeect that NUN,_) N, shoold si'c-')'{JHCCcl\)/
aavee with this >\_ How ?

LeY’s ":5151' be wrove s,occi{-(c cbout tHe time
dwa tio~r of Pe intervals ot we lave
eavliey. SU{)FOJQ treir ]C“D'\'hb oy e TUT?—)T_B
Vesfcchel)' .
T

" T2 TC!:
< —> &> e
L 1 [ | r 1 S
T T C 21 C | >
—_— o ————
|\\‘I P“Z- hJ&

T\r\gn) you s\nou\A eX(leC+ Yt

EN, = AT,
IEN.L = >\TL
lEN3 =\T,

( «verage)
Recall that )EN,I s e CXfCC'\"a‘\"\Of\ ot te
voan don vasiable N‘I .

En, = 2 ko rn,ok].

/

“valve we'xjw’feé bx/e '('VQCB\;WC/
o“' ocecurronce ©

Fov exam ple _ suppooe A= 5 ot va]y‘no Oy
aw\cl T_‘ = 2. \f\oUV-
T\nen yov Wo_o\é oet cbout >\qu =10 O‘VV;VG\S_
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douw, n5 The 45ty 7 iater val. Of coure, e numbes
of afvivals is vandow. So/ this nuvm be., 40 s
On Oowvevage ov e G_XPCC‘HLA num'aer) o+ t™e
octual valve .

Ir\ con ClUS{OV} w e NOw ‘Lnow y\Ove Ciboo"' |’f.
For ow\/ TAarevval of lemethn T, tle expe cted
ronber ‘of oarrivalg iAa WM tatesvel s 3’.\/%

Ve EN = AT

The viex¥ ke./ idec. s to consider a small
intYerval. Luwmacgine dividiag e tise ja+evvo)
of len 31—)« T " faYe W e_asuc.l slots.

T

v

[HL W | P W, W W |
LI

L3 b T -
L L L

\ 4

1)
\J

\
.<-

Y
\

-—

LY
)

bl
sHY

Then each slot wovld be o Hae iaYerva)
of duvation .
m

T+ T =20kloand n=10000, then eoach

smcqﬂ tnterval wou\d e ve lenjhﬂ

T . 2° = 0.002 hhour,
n 10,000

Wh do we cons) é#/ vaw:n 3n+€vva]?

Tre \LC7 1s That as e jAtesval \GECOMQ-S
vevy small . Yhen 1} s extremely unljkel
ot trere i)l be vmove Preon T 1 avy vals

Oluv;r\j s snall amout of 'Hmef
Tre obove s ¥eite ment becomes wmore S cCuvate O

we incveuse tne volue i which decveses
e 'ev\3+h ot each small iakwval even -Furh»er,\

What we owve AO'm$ \/\eve, '$ Yo af{VO)r{MO\']'e Ce

a
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conYinvous - tiae ,ovvoces:. b)z o discrele-tHae
PVOCCSS_

(Yo\, alsb do this when yov f\°+ oL <3,m/:\n ot

o.n)/ Fonction 7£(x)- You evaluatre e valuves
of” e function for ony valves of s wher
&« &£ ove close e,nouay\ such trat “°+h;nj

SU'f”':-‘I"‘j con lf\o'ffe.ﬂ 1A ‘oe."‘wc"c’h-

« Fun)

,:".....;)dﬁ.)

I+ we vt fo be wove piogevous. we wou\c)
have to bouvad +e evror from such o.p,orox'mo'l'ion)
cand show Hat v ervrov dbqlofcow &S /o

T will vhet do +het lere.

What do we ooa ]9)/ cor\sléevin discrete -Hime
apfrox'umos'\"\on L/ Sma“ ir\'\'e"va\s.

Wher te ~ter val s Sman enooL 1/\) we Coan
ossume oY at n~ost 4 arrival eccurs .

So wvowy let N, Le ),é\owv-'va\.s in Slot 4
N, be s “ 2
N be s w 3

Wa SO own (o XN shovwn ‘oe.‘owx

Then, Yhe NA_’ ave all Bernrodll vaadom Vouia.\g‘el.

(Thh HES be cause '\-P-c/ can Oh\)/ be O ond 1)

In w\’\‘.c\/\ CO|S.C) He fﬂ\7£ ‘FO/ e N; re_éuce.g
to only +we val ve s
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-

to only +wo val ve s

P[Ng=0] ond

PLN&=11

We also kvow Haat Ye avevg

e V\uMlov./ o{'
arvivals shoould be 3

EN, =Ax T

o

t‘]eh:ﬁ’\q ot eachh slot
SQ/ Ol-]\ NA-o ove Bevnoun; V.V. w"*-h Ve saane

oaveva c!! /-\lso) Heyare all ;r\ae'OCnAEr\'\' becowe
‘H&)/ corme ‘cVOVV\ mon -over\apfirj '.-v\—e/vov\s.

FOV BewV\OO\\{ v.V. X/ '\"'C. oweva‘je. 1S

EX = 0~ P[x=0] &« “P[xm]
=P[x=1]]

e wse  p,=Plxso] ond fr=Plxe1]

Yo S'\mf\i-t:)/-\‘btno\-o»-‘—§on -[;o/ BQIV\OU”" ry.vV.

Ren ce,

EX =P,

oR course, we shoold clso Wnow Yt Potf,=1.
In otresr wovds, it we kvow

IEX of a Pe-rooli
an\dom var"o"a\e/ w e 0\50 know 'n\".s Prv\7c

P, = Plx=11 = 1EX
Po=P[X=0] =1-EX.

Fovr owuv

A:soveﬁt ~Fiwe QpPvo x. ot f’fj we ymnows
kvrow Tral all of e N, N, ..~ Vave e soae
expec i on

EN, = IENZ=IEN}= ceee = AL

2]
For A= 5, T=120, n=40,000

AL = 0.01 o:n"iva\l,
N
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So, tle pm7£'l of ol N,N,, ... ove all te sowe.!l.

'The/ owve 30 veVr\&J \9/
P1:>“E ond l”o=1">‘I;‘

Thre proba lp'nl';b/
fhat trere wil)

'oe an ourr;va\
ia te Small 1aYesva)

We 50\7 Mot N‘\)NZ/N ave ;.'\.A,.

30 "7

( inde "ena&ﬂ’f o~rd ide~t an)/ Arb'\’/i lou'\'CA )

Ar tThis (’o'\n'\'/ you can vse MAT LLAL Yo Denc:ar\-e_
o PP US.lnﬁ twis discrert Yime approx,

Fi/a'\'/ we {-Ix He end \"wng_To{‘ o S'-mulu'\'for\.
(ex. T=2z20 lnr.)
Tlaen) wWe &(vn'cle T i1ato »n  slots

(ex. n = 1o,ooo)

For each slo'\’/ On\)/ +two carey coaan \nqp(em |

1 ovriva)
oV

no c«/r.’va-)
So, 9ene rate Pervoolli r.v. for each slot

A%
w r, = >\XI (;{- =0 owlivu\S/an)
N
+'l’% '0150.0'1)

To do this For 15000 slets at e sau~we
'Hme/ we Con U3t

vond (1/»'1) ‘<4 P4

oV
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binovnd (4, p1,41)
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