Qla,b The "folding" technique

Sunday, November 22, 2015 11:14 AM

In parts (2 and (b)), we consider cos (274 &),
To £iAd the rcrcc\'vecl '(:"'%‘;Nc will vse The “Qo\cl‘.«s *“"V\‘csue,":
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Qlc,d The "tunneling" technique

Wednesday, November 16, 2016 5:39 PM

) 217
T~ Far‘l‘s (¢ ond (_A')/ we ooas'.&ef 6‘) Dt.

To £iAd ¥e \“,zrcaivc,é - ‘C«e,ongcyl we wil we the T \'w\ne\ins '\'colf\nlcku@":
A;) consiée/ Tre W' ~dor O'G ‘C{&‘B. C’lom —_7% Yo “é.

4;6.) Stewt Hom 0.
It 7{;7‘-’/ increcue Tle ’G"‘S’ to 7é L¢j°7‘\5 ‘o e r:DR\')

restory o —f;_ when £z Y oveached .
Thi s the 2 =

Sy, hnd‘_r\\)o part. *-/‘. 0o, decvease e g-ve,cr ‘o £ (cJo:rs_g to tre \eft)

vesyavt at -\-2{2 whe n -7_[_5. Ve r&aolﬂ&A,
PR (R

oY Fo= 1111 —fi o ?73: /
Pemodnder = £ - /;L%J ¢ vepesdt this | 7 | times
( > e~
=1 — y ® =a25
Aoz
4> A = -1,111
5 ° i el
Remoinder = 7 ‘ "3 vepeedt  thAis ]_;T‘J times
E 1 =92

A = 5z
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Derivation of the "folding" and the "tunneling" techniques

10:16 PM
s A

Saturday, November 21, 2015

274t
wlo\g,r\ 1'1'\; samr\;aa rate

Fiﬂé;qg The °l>erceiw.é” *cweasueny ot 30.') =e
Method 1 : Amz.\ys’.s Viee the veconstruction e ation .

Fiost, note that oLt) 2T T g = 5 (A

With the sam'o\ms rate -7£ we  krom that

Sh = 24 NTRWIE Z £, 5(FRh-A) =4 Z5(F - (hrHh))
Lpgca\\ +ko-f twis is periodic N-\-\n period # .
Nows, the veconstruction e_abuq:\' on wes T, -Z(:.<_7[$ %
6, (£) = LPF{_Gs (f)} wheve HL‘,(/.) ={O, ;'\'harwise.

(ov} %u?va]cn*\'\)/, 9,Lt)= LPF {_3«5 l'\:)} )

one ]ocr'.oc\

'Thua.{:orc On\)/ tThre raw\’r of G (£ YvraX oave between —-7[547[ wil
sorvive The LPFE (onc\ will also be  forther scaled E)/ T )

Our task vow is then +o L£ad al valversy of m’ru:)or k  such that
< Sprhf, & 2
2

lz-’;/g- <k & —1;—77’3
s \S
B . Se, twerve s e,xac_'\‘l)/

Note thatr the difference between these fwo numbers i one g
" s b W conditi - ¢
one wvalve of that gatisfies such condition Note thar L _\ s the

se, k= Lz 7‘;-\ e‘ﬂoor’, 4(:ch+‘,0,-\‘
One may also considev k= "12"' fj - However, becawe the cctsuo.\i'\-/ in The
condition las &‘bua' ‘\'/ et tie u'apcr-bou-\d The ceilia -Cuna\".oﬁ ot +we
lower bouvnd wil) ‘3”’ tle wv’onj arnswer when The lower bou~d ' an |ﬁ.\'£jcf
itself. ,,",., he Pawloo-\d of te LpPF /
This 3:./:5 6 (#) = T// 5'(7[ (7[°+ 'L{ )) where W = Ll aj
7
e o-»-\\/ Yevm ia B (# that is 1A
the Pou\omé O‘F e LPF
:S(/"(%;"'k’fs))
-1
—}
l )27 (For i F) A
3,(_‘!:):@ wheve k:‘Lz" 7‘: -l
Hence, the ~‘P¢rce§vgé" -c,,c_asuenc is f = 7[ k;f = 7‘; + 7[; Ai-_é;_)
= 41,1110 = k= LJ?-_ - A1 ""J L-az5.41) = -2

In Po-/‘\' Cer, 71;
= -1 Hz.

= £ =, 129212
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I port (), FAoc-par ko] 147 2 qsy <oy

= £ =4114 +qax12 = 5 Ha.

Remavrk - The P)o'\’ ot 7/; = 7/;1- /;L-}_—:IT:_) 15 shown ‘oc\ow;
/'://S/z

Fo

-4/

OCbserve Yhe “Yuonnelia e{{'ec*k:

) 7{ is contained between —é ond 4

£4) 7[v =7[; i~ Yt above window - ‘

A) vhen 74, exceed is, it “Jumrs‘ (or = ﬂ"" fhroxJ?h Fle
Yonrel sXmlooliz-cel b)/z Hae dotred |Inc,”) bocle 1o vestart
at -%.

A7) as af -Func\"mn ot 7[;)

7{: is Pcv'.oé'-c_ W A Per'.oe\ /;

gThug-(:ovc) \~stead ot co-\sldev'mj 7/;/ we M,), S;"V\Pl)’
consider 71 :_7/; mod /_;

Thou s }mr]emer\‘\'cc; i~ MATLAG ‘o/ mod(?ﬁ,?ﬁ)
A\'\'Uno\'\’lur_\/l one cam~ USE

/a
A= Fom A FE)
This leads Yo mmethed @ below

Method 2 Use the funneline effect® dicuned i~ class (wherein  we ooserve Yve
locarior of the impdse(s)  shown 'o)/ our P\o'\'spcc,\' Func_'\'bn).

1) Find 7‘; = £ mod 7[; <« This ci)'.ves /J'c € [0, 7/'5)
Ze
or, ¢c5u'.va\mﬂ)f/ 7{;: 7/; - 7/; L 7[5 J

—
Trhiak D'(' i, ew V'EPVE.SC_V\*:'\S Tve V\um\OCV 0{- TOUV\AS )’ou

starY From O, 90 '\’hvoua\n e fu'\r\c\) ond back to O.

m) 7 =

J
I part (o), A =intin @ L =f mod £ =11 > e,)
A A 11
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J
In part (&), A== A</ med A =11 76
A= A-Fsn-1z =1

In port (D, A =111 3 4 sk med 4 =5 (06

> 7(.: = 7('t = 5.
F\‘:c\laa ‘\':;. “Pcvceh/ed" -Cvecsuc»ay ot 3(_{:) = CDs(?.J{ t) when the Samp\inj
vaTe s s

Hcve) we wvite ;/; insread of 1[:, Lecavse there are
two Yerms with two freqg.: £ = £
ond o = ’72

3(_1;) =C0$L177£'t)
A-F'\'cw Samrhf\j) we can a‘f’f\)’

Metvod 4. From +he Eoler’s -Cormala.:

n

jzp‘yﬁ"tf %cjzy(—é )‘t.
what we kron about  Yhe “FcVEe_ivee):
-Cm.cbuanc/ ot com plex - exponentio s‘nc:)na\ Yo 3&'\' the °Fev'ce'\v¢é' 'pve_cs_
of eachh tevm iaside A PR

Iﬂ PQ(* (0‘) J };

le
2

5

A
1M1, M1 = 7,/(= 7{""03 /; = 256
o A hharon s
-F = D A (- med A =546
>4 =/ =5

Y2751 ye7isy)t

e = cos(27(5>%).

The “pcrce,'»vec_\" ‘(:fe.%ubﬁc)/ v S Bz,

T\f\c,/e‘FO\lC) a\),(;\:) :-;:@

In pork (b, 7{ = = /-;:‘3 6 = A =1
A =y S A =ave DA a1
. + . )
Tl«e,ve‘(:d\’e) 3'“_) - JicJ(w(s) D) "iz 6.)(271( 3>t) = cos (27 (3>t)
The “‘nevcciveé “ 'Fve.c{;. is > Kz,

yer At
Method 2 @ When we consider tle °rcv-c¢ivec\ -Freq; o{' c" ¢ wWwhich we p\o'\'\-&J ecvlier

9

Yer|[-#)t
with ” g7l

.

(27 (Fort)
T he farcc,iw,A 'Fre_cs. o'F e,J ’

Thke ‘ocwce,ive.cl €Ie°6‘ O_(_“ C) (2.77("7(;)'\')

Observe tirat ar every /‘w
for cos (ZF/C +)
its twe

complex- expo ccmpoﬂe'\‘\’s a\ways awves a poir o*
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{’c’ce:vcc; {:«e%, , Ore \oos‘v\-lve ord one negative

(except wwren /; is & multiple of /}/z)
so, the veconstructed s'\anal L8 will sl be @ cosine whose
J;.m,as, con $§m‘>\)/ be “vead® From te opper part of te plot abpve:

A "/"-[lwcvs"

I \ 7 T l \ v T

L
LA A
2

( Becavse cos(—x) =oos(a¢)J we onl/ cirswer One vegs . -Cw e COS;AC.)

Obsevve tie ‘“{:o\é‘»nj etfecr™ .
<) "}(; for cos® s contained between © ond Lpﬁ
L) ” -.7‘[6 in tre above windowe “
A:M.) nri~en /; exceeds 755/ iR -(G\G\S back towards  ©.
when £, veaches ot it folds back towards Zs.
22) oy a fo~ction of /;) ‘
“/; £o, cos™ s ‘D&r‘»o&',c, wit fov'-oé 7/;
Thevefove, we con £ind “A  for cos” b)/
1) find A = £ mod £ = /‘-/slf,%).

- Z
I)/;{’[f' '4443;'
715‘_/:!:’ i f 7/“‘7> 2

In pork (o), A =gt 2 A =3 >6 9 A =12-% =5 g,

In pavt L), /" = 111,111 = /;. =3 <6 D /’V = 2 Hz.
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Problem 2: Aliasing and periodic square wave
(a)

r r r r r r r r r
0 0.05 0.1 0.15 0.2 025 03 035 04 045 05
Seconds

(b) sgn(coswyt) = 2 X 1[coswyt = 0] —1.So,a=2andb =-1.
()
(c.i) From
1[cosw,t = 0] = % + %(coswot — §c053w0t + %cosSth - %cos7w0t + - ),
and
g(t) = sgn(coswyt) = 2 X 1[coswyt = 0] — 1
we have
g(t) = sgn(coswyt) = %(coswot - %cosSth + %cosSth - %cos7w0t + - )

where wy = 21 f,.

(c.ii)

(c.ii.i) Theoretically, G(f) should have spikes (impulses) at all the odd-integer
multiples of £fp Hz. The center spikes (at 1fo) should be the largest among them.
Here, fo = 10. Therefore, the largest spike occurs at +£10 Hz, followed by smaller
spikes at all the odd-integer multiples (i.e., at +30, +50, +70, etc).

(c.ii.ii) The sinc function is simply the Fourier transform of the rectangular windows.
Because the area of the rectangular window is 1x2 = 2, its Fourier transform
(which is a sinc function) has its peak value of 2. This is further scaled by a factor



of % from the cosine. Therefore, each “impulse” (“sinc”) that we see should have
its height being the same as the coefficient of corresponding cosine. For

- .. 4
example, at £fo, the coefficient of the cosine is s Therefore, we expect the

height of the “impulse” at +f, to be% ~1.2732.

The theoretical values for the height of other impulses is shown by the pink
circles in the plot. We see that our predicted values match the plot quite well.

sign(cos(27 ft)) where f = 10 using sampling interval Tis =0.001

annnnonnnnre
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= 05 . i
\(\I Ia,\
e STl AP AN A | I [ PPeooeaeccnoc aNaeaa

0
-500 -400 -300 -200 -100 0 100 200 300 400 500
Frequency [Hz]

(d) Here, we also shows the time-domain plots as well. In the time domain, the switching
between the values -1 and 1 should be faster as we increase fo. All the plots here are
adjusted so that they show 10 periods of the “original signal” in the time domain. (This is
done so that the distorted shape (if any) of the waveform in the time domain is visible.)

(d.i) From the plots, as we increase fp from 10 to 20 Hz, the locations of spikes changes from
all the odd-integer multiples of 10 Hz to all the odd-integer multiples of 20 Hz. In
particular, we see the spikes at £20, £60, £100, £140, £180, £220, 260, £300, £340,
1380, +420, £460. Note that plotspect (by the way that it is coded) only plots from [-
fs/2,fs/2). So, we see a spike at -500 but not 500. Of course, the Fourier transform of the
sampled waveform is periodic and hence when we replicate the spectrum every fs, we
will have a spike at 500. Note that, in theory, we should also see spikes at £540, £580,
1620, £660, and so on. However, because the sampling rate is 1000 [Sa/s], these high



frequency spikes will suffer from aliasing and “fold back”! into our viewing window [-
fs/2,fs/2). However, they fall back to the frequencies that already have spikes (for
example, £540 will fold back to +460, and +580 will fold back to +420) and therefore the
aliasing effect is not easily noticeable in the frequency domain.

sign(cos(2m ft)) where f = 20 using sampling interval Ts =0.001 sign(cos(2m ft)) where f = 40 using sampling interval Ts =0.001
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(d.ii) When fo = 40 Hz, we start to see the aliasing effect in the frequency domain. Instead of
seeing spikes only at £40, £120, £200, £280, £360, £440, the spikes at higher
frequencies (such as £520, £600, and so on) fold back to lower frequencies (such as
1480, £400, and so on). The plot in the time domain still looks quite OK with small
visible distortion.

(d.iii) At high fundamental frequency fo = 100 Hz, we see stronger effect of aliasing. In the
time domain, the waveform does not look quite “rectangular”.

sign(cos(2n ft)) where f = 100 using sampling interval T =0.001 sign(cos(2m f)) where f = 100 using sampling interval Ts =0.0001
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In the frequency domain, we only see the spikes at £100, £300, and 500. These are at
the correct locations. However, there are too few of them to reconstruct a square
waveform. The rest of the spikes are beyond our viewing window. We can’t see them

1 Because the squarewave is real and even, the Fourier transform is also real and even. Therefore, the “folding
effect” is “equivalent” to the “tunneling effect”.



directly because they fold back to the frequencies that are already occupied by the
lower frequencies. Note also that the predicted height (pink circles) at £300 Hz is quite
different from the plotspect value. This is because the content from the folded-back
higher-frequencies is being combined into the spikes.

Our problem can be mitigated by reducing the sampling interval to Ts = 1/1e4 instead of
Ts = 1/1e3 as shown by the plot on the right above.

(d.iv) Finally, at the highest frequency fo = 300 Hz, if we still use T = 1/1e3, the waveform
will be heavily distorted in the time domain. This is shown in the left plot below. We
have large spikes at £300 as expected. However, the next pair which should occur at
+900 is out of the viewing window and therefore folds back to +100.

sign(cos(27 ft)) where f = 300 using sampling interval T =0.001
T T T

sign(cos(2m ft)) where f = 300 using sampling interval T's =0.0001
T T T
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Again, the aliasing effect can be mitigated by reducing the sampling timeto T =1/1e4
instead of T = 1/1e3. Now, more spikes show up at their expected places. Note that we
can still see a lot of small spikes scattered across the frequency domain. These are again
the spikes from higher frequency which fold back to our viewing window.



Q3 Nyquist sampling rate and Nyquist sampling interval
Sunday, July 17, 2011 2:09 PM

ﬁwk.'c\f\ 3;ve..s +he Nyttu'u’\' sow\f\?ﬂs rote ond ;ﬁ'\'CVVﬁ\
To awl/ e sarnfhns treovem, we First need Yo Find  +he valve B
is bend\imited to.

wheve thre

s'\sr\o‘\ 1~ each (aw‘l'

The S'n«jna.\s 3Ava\v0<:) in thig vetion ave ot tre ‘(:orm sine L277'7[;":).

Tlﬁucpovc, we fust Fd a %encf“‘ resolt  for sinc (274, 1).
Fiest, we dvews  sina (.7-77/;‘\?>:

. L
ore period = =
. % \
L esalrAD) r—j—-—\ )
e > t —_— . —
—/‘o 7(;
S S
2/,

Tlnc.v\/ vwe c)vaw fkg sincC (27‘7‘»'\7) us‘mj e zZevoes o"(: Sin L‘UI'/;’C)
We then see that thre ‘C’Jsi’ g2ero  pccurs ot 21;{ . Tl«ae‘l:we/ in e ‘C"»‘B- Aomqir\) tre
>

carrcafonéia:) fcc*a\au\ar fonction has wid tn -‘-?.7[;. So, 115 bovndarics ave ‘&7‘;‘

Conclusion: Sinc sz-fo't) is \"C‘“A\im.""&A Yo 527[0:
Note That the \n&'\jw\' ot Yhe re,c‘\‘cwaulaf {:unc'\"»on must  be j;l‘ +o wake s avea =1.

(@) Sinc (1o07t) =s{ac(2/fu50xt) = B =50 Hz

(b) Recall that -for sifjnc.\s tj,L’c) \oanéln'-v\'.\-cé to B, ond
%zu».) v ” Bz./

ey 'oyvoo'\' ?)1(-\:)32[_-\;) s \cﬂné\;m\-\-ed +o 311‘62.
To “See® Tnis (without o.c‘l'ual\), o\o:ns The é‘h?f—&"\?"‘\‘—\‘n‘l‘aarm"’cf fov convoloton in The {:ths

dofﬁ%:f\/ :mo,j}nc TT
GC.lf) as a bonch o puUises -6, 5, )[ l\o{— cowvse, 6,(F) ord G, A in

/+h\, grotion won’t look like
\ _l]_ﬂij_?_a
-8 L:wsoh o{ w\lw\SCS P 7£ fhese. We draw them tnb wews to

-6, L
mabe e conclusion easrer Yo jee.

6 ) o
Becaune we lhave a mu\\‘l':fhca.‘\'?or\ in tre Time Aomc.ln/
we have a coavelotion i~ the ’{:«e,csuu\c/z domain.
The convoloFion with an impdse i. eosy
G, [F) ¥ B(F-F) = &, (F-F).
So, we s'mnf\)/ hae  veplicas of &, (£) at all e impulses? locations
ot é,_(./). Hence, +1e \«\;:ths’r {:'“6’ Com ponent v oat B+, ond
tre lowetr e component b at -B,-8,.
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A\\'cxv\od’lve.\y, one can look at thre convelotion ot Ywo vcc\'mau\a,r Lorctions :

TJ_];/*) i

’"b,‘ 0‘ “61 | 51

- £

We saw similar convelotion o a video ecrlier in te semester, The vesolt s

/..A\_.J\A,/

——
-

>

L

B,-6
By,

! "(\&L‘ 61 )‘l

Hence, fov %IA(_QUDOF-I:) , 2] 50+50 = 100 Hz2
(c) Obsevve throx  {or siraao.\s 9, L& bandlimited to B, ond
% 2 s ) K4 Bz/

+h°;f \;f\eo.f COML;,\OL'\';QA C131L*) ¥ CZ 3’ L*) -IS bhé\;m‘\"'ed '\'D L2212 %3 {&QJ bzk .

A 6.h
/P?%‘Lf)
-61 -6, (;z B1 - f

So, 'F"V S;,\c(_woﬂ--[—) ¥ e (_5017-[-)J B = wax Slsons} =50 H2
()) Use +re o‘asevva.‘\}oa ‘Fvlom pWh (_L_) ond (e),
For ginc l10o77t) fss}no‘(_(,oyt)) B = wmox 5150/ z.xéo} = 120 Kz,

(e) Use Twe sa~e observation s 1a Fw-\— Lb).

For siac (507%) swnc (10077t ) S B = 25+ 50 = 2% Hz .

Now Fhat we krow Fe max {'/a%. » O'F ouv s.'sm\s .

The Nyosg:,-\- SGam f\'\f\f) vate s 226,

The N/qxv-s'\' sow\r\hs intesval 18 L

28
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The teable below sumwmarizes tre answers for this osoe.ﬂ-:on:

J[max Rinyouied L Sa/s] Tuyounst [sec]
(=) 50 100 ©-01
(o) 100 200 0-005
Le) 50 100 o. 01
(d) 60 120 1)120
(e) ?5 150 1/450
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Q4 Sinc Reconstruction of Sinc
Thursday, August 30, 2012 1:51 PM

10 N V\A v net N N = §in . P A\ S
The sig al uUnder considevation is th\:) s/|‘c(77t') \{3__?\/1 I *\/{\3‘771-

note that, in MATLAB _ thi, fonction s ;Mf‘eme“"'ed
L}’ S'\A&Lt) Lecaure the Luilt-ia

MATLAB sinC
-Func""'o"' Ves o,\vco‘-A/ 7qc\udeé te 7.

(C‘-) The TFoorvier '\'rc.ns'(:OIM

-

To hawe ovea =4, the \n;%\q- of tre
3(0) =1. So, 56(7‘) A—/ =1, V“"\""“:\U\a' pulse wmust be 1 av well.

- ., CGUA
~~ —;
qLEr fpinc () = sinc LG F) — _i' 1l — £
NN 7 a2
RS \_——’/ /

— —

(b) The N/%w'ﬂ sqm‘)‘:nb vate s 3:vov~ b 2x 7{;‘&* = 2x-1£=1 samble

sec
(€) Tn class, we ave seen that
(o ~]
Gstf) = /, 2 G(_f—n/s) wheve ’{='.j'.‘s
N =N
(c.A) With T, = %, we have 7
‘ P s=% 6 (H Periodic with
- - I ) . ST ‘"fcr'-eé‘ = 2.
- — —— >
S -2 -2 - =L 1 1 2 2=
X 2 L I3 2 2

N2
Tee=
- [T T T
o M '—J. i‘—.’:‘\_‘i
2 v 2 P
3 n

< ;A“'::}...
‘!GVO o

w 1‘_/ * Gy (A Periodic with
- TN
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Wirh T, = 1, ﬂ["] = 3('\1—5) = 3Lns1) =3Lf\) =S;nc(7ﬂ).
LA.A:)F'OM e rlo'\' of strc( 7») dramn e,ar\iev) we  have

1) r\=-O)
9l~1 = {

o, other wie .

(CJAA:) Be cavse 3["‘3 SO0 when NnZo,

9.ty = 9ol sinc[7%) = 1% sinc(Tt) = sinc (7TY) =gl

Note Yhal witr T, = 4) we  \have 7{, =4 which 15 e cave o)
the N/osu'.‘;-\- SGam f‘:r\ rote . Tlere (:ofe, w~e oave ot he border lYne
of the quccessFul  yecHrirruetion,
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Q5 Sinc Reconstruction of Sinc: MATLAB Simulation
Wednesday, November 16, 2016 8:34 PM
Re.minc‘er: MATLAB’s sinc functiomn is  sinc(e) = sin(7%)/ 7, wl‘\;clﬂ
is diffevent Lom  sinc(e) = sinl@/oc that we defined for ovr class.

Thcre.‘rowej when we vie MATLAG Yo P\o'\' sinc (74), we de not Fu* the
7% in the formdlee. MATLABR will aute matically jasert the 7 for us.

P s in ”ft A
%Lt) 7251 c(77 ) sincLFt>=‘j('t) %l‘t')

0.8 |
,jm ond U,w

08B
Give Vvev

0.4
02
0
02 02 o - -
3‘-{) ond %(t) woteh well avound teo.
04 04
4 3 2 A 0 1 2 3 4 4 3

vc§{an__1Tk¢; o|v¢1 vbt’gl J('F‘F!f‘r‘i‘\' 40( 'l' ‘&4/
‘Flov\n o.

n=0,1t4, ... Le0

%Lh # 9l

Obsevvation : As we incvease th number ot Yerms (A e sumno.,‘h'o\ni 3(_{:)
'S Leﬂ'ex arr:Dx?m&"'CJ L)’ %L{')-
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