ECS 315: Probability and Random Processes 2016/1
HW Solution 12 — Due: November 29, 5 PM

Lecturer: Prapun Suksompong, Ph.D.

Problem 1 (Yates and Goodman, 2005, Q3.3.4). The pdf of random variable Y is

y/2 0<y<2,
0, otherwise.

fr(y) = {
(a) Find E[Y].
(b) Find VarY'.

Solution:

(a) Recall that, for continuous random variable Y,

o0

EY = / yfy (y)dy.

—00

Note that when y is outside of the interval [0,2), fy(y) = 0 and hence does not affect
the integration. We only need to integrate over [0,2) in which fy(y) = 4. Therefore,
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(b) The variance of any random variable Y (discrete or continuous) can be found from

VarY = E [Y?] - (EY)?

We have already calculate EY in the previous part. So, now we need to calculate
E[Y?]. Recall that, for continuous random variable,

Elg(Y)] = _70 9 () fv (y) dy.
Here, g(y) = y?. Therefore,
E[Y?] = Of; vy (y) dy.
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Again, in the integration, we can ignore the y whose fy(y) = 0:

2

=] - [ (- [ G-

0

v I
2><40:‘

Plugging this into the variance formula gives

4\ 2 16 |2
Y=E[Y?) - (EY)’=2—(=-) =2——==|=2|

Problem 2 (Yates and Goodman, 2005, Q3.3.6). The cdf of random variable V' is

0 v < —),
Fy(v) =< (v+5)*/144, —5<v <7,
1 v>T.

(a) What is fy(v)?
(

(c) What is Var[V]?

)

b) What is E [V]?
)

(d) What is E [V3]?

Solution: First, let’s check whether V' is a continuous random variable. This can be done
easily by checking whether its cdf Fy (v) is a continuous function. The cdf of V' is defined
using three expressions. Note that each expression is a continuous function. So, we only need
to check whether there is/are any jump(s) at the boundaries: v = 5 and v = 7. Plugging
v = 5 into (v + 5)?/144 gives 0 which matches the value of the expression for v < —5.
Plugging v = 7 into (v+5)?/144 gives 1 which matches the value of the expression for v > 7.
SO, there is no discontinuity in Fy(v). It is a continuous function and hence V' itself is a
continuous random variable.

(a) We can find the pdf fi/(v) at almost all of the v by finding the derivative of the cdf

Fv(”l)).
d 0, v < —9,
fV (U>:%FV (U): 1}7%5, —5<’U<7,
0, v>T.

Note that we still haven’t specified fy(v) at v = 5 and v = 7. This is because the
formula for Fy (v) changes at those points and hence to actually find the derivatives,
we would need to look at both the left and right derivatives at these points. The
derivative may not even exist there. The good news is that we don’t have to actually
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find them because v = 5 and v = 7 correspond to just two points on the pdf. Because
V' is a continuous random variable, we can “define” or “set ” fy(v) to be any values
there. In this case, for brevity of the expression, let’s set the pdf to be 0 there. This

gives
d W 5<u<T
_ — 72 )
Jv (v) = dv Fy (v) { 0, otherwise.
o 7 7
(b) E[V]= [ vfy(v)dv= [v(%)dv= [ %+ 5vdv =[3].
—o0 5 5

(c) E[V?] = _ZOO v fy (v) dv = jz v? (L2)dv = 17.

72
5

Therefore, VarV = E[V?] — (E[V])2 = 17 — 9 =[8].

oo 7 431
(d) EV3] = [ ¥3fy (v)dv= [v*(%L2)dv = - = 86.2|.
% e

72

Problem 3 (Yates and Goodman, 2005, Q3.4.5). X is a continuous uniform RV on the
interval (—5,5).

(a) What is its pdf fx(z)?
(b) What is its cdf Fix(z)?
(c) What is E [X]?

(d) What is E [X°]?

(e) What is E [¢X]?

Solution: For a uniform random variable X on the interval (a,b), we know that

0, xr<aorzxz>b,
fX(fC)I{ 1

—a’ a§x§b

and
0, r<aorx>b,

FX(x):{ =2 g <z <hbh.

In this problem, we have a = —5 and b = 5.

0, x<—=borax>5H,
@ @ = {5 Y
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(b)FX(x):{O’ r<aorx>b,

z+5
0 (IS[L’Sb

515

00 5
(¢) EX = [ :cfx(x)dxzfg):cx%dx:%%

-5 B
In general,

b

b

2 2 2

EX:/ZE 1 dr — 1 /xdxz 1 @ 1 b a a—l—b‘
b—a b—a b—a 2

., b—a 2 2
With a = —5 and b = 5, Wehave]EX:@.
5 I 5 ; 5 1 1 x65 1 (=6 6
(d) E[X]:_fxfx(a:)d:v:;[f)x XﬁdszoF_E):@@ — (=5)%) =[0]
In general,
Fo 1 1 %" 1 b5 —df
E[X°] = > dr = / Sdr = —| =
[} /xb—ax b—axxb—a6a b—a 2
With a = —5 and b = 5, we have E[X°] =[0].
(e) In general,
/ 1 1 / 1 b eo
E X — T dr = Tdr — :pb_e — €
[e} /eb—ax b—a/e v —ael(l b—a
e’ —e?

With a = —5 and b = 5, we have E [eX] = ~ 14.84.

10

Problem 4 (Randomly Phased Sinusoid). Suppose © is a uniform random variable on the
interval (0, 27).

(a) Consider another random variable X defined by
X = 5cos(7t + O)

where ¢ is some constant. Find E [X].
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(b) Consider another random variable Y defined by
Y = 5cos(7ty + O) x 5cos(Tty + O)
where ¢; and ¢, are some constants. Find E [Y].

Solution: First, because O is a uniform random variable on the interval (0,27), we
know that fo(0) = 5=1(02m (t). Therefore, for “any” function g, we have

E[g(6)] = / " 90 fo(6)d0

[e.e]

(a) X is a function of ©. E [X] = 5E [cos(7t + O)] f 5= cos(Tt+0)df. Now, we know
that integration over a cycle of a sinusoid gives 0. So, IE [X ]=[0]

(b) Y is another function of ©.
E[Y] = E[5cos(7t; + ©) x 5cos(Tty + O)] = [37 %5 cos(7t; + 6) x 5cos(7ty + 0)do
= % o™ cos(Tty + 6) x cos(Tty + 60)db.
Recalll] the cosine identity
cos(a) x cos(b) = % (cos(a+b)+cos(a—10)).
Therefore,
EY = % o™ cos (14t + 20) + cos (7 (t; — t2)) dO
_ 2 ([37 cos (14t +20) dO + [3™ cos (T (t1 — t2)) db) .

47

The first integral gives 0 because it is an integration over two period of a sinusoid. The
integrand in the second integral is a constant. So,

25 25 25
EY = 7. 08 (7(t, —to)) [Z7dO = 7. o8 (7 (t1 — t2)) 2w = — cos (7(t1 —t2)) |

! This identity could be derived easily via the Euler’s identity:

eI f eIt edb 4 eIt

cos(a) x cos(b) = 5 X 5 = — (7% eIt 4 I TI0 + e7 eI
1 [eI%eIb 4 eiaemib  emiteib 4 giae—ib
== +
2 ( 2 2 )

:%(cos(a+b)+003(a*b))'
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Extra Question
Here is an optional question for those who want more practice.

Problem 5. Let X be a uniform random variable on the interval [0, 1]. Set

1 1 1 3 1 1 3 15 37
A—{%)’ B‘MMM)’ a“dc—{O’é)“héMé’é)U[M)'

Are the events [X € A],[X € B], and [X € (] independent?
Solution: Note that

P[XEA]:/da::%,

00|~

P[XEC]:/d:c—l—/da:+/dx+/dx:%.

0 1
4 4

Now, for pairs of events, we have

1

P([XeA]m[XeB]):/dxzi:P[XGA]xP[XeB],

0

S
P([XEA]H[XGC]):/dx—f—/dx:i:P[XeA]xP[XeC], and
0 1

P([XeB]m[XeC]):/ = P[X eB]|x P[X €C].

Finally,

IS
S
+
ool N‘H\ n
QU
S
Il

P([Xe AN X eBNn[X e(]) =

o\

dx:%:P[XeA]P[XeB]P[XeC].

(12.1)

(12.2)

(12.3)

(12.4)

From (12.1)), (12.2)), (12.3) and (12.4)), we can conclude that the events [X € A],[X € B,

and [X € (] are |independent |.
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