ECS 315: Probability and Random Processes 2014/1
HW Solution 10 — Due: Nov 20

Lecturer: Prapun Suksompong, Ph.D.

Instructions

(a) ONE part of a question will be graded (5 pt). Of course, you do not know which part
will be selected; so you should work on all of them.

(b) It is important that you try to solve all problems. (5 pt)
The extra question at the end is optional.

(c) Late submission will be heavily penalized.

(d) Write down all the steps that you have done to obtain your answers. You may not get
full credit even when your answer is correct without showing how you get your answer.

Problem 1. Consider each random variable X defined below. Let Y = 1+ 2X. (i) Find
and sketch the pdf of Y and (ii) Does Y belong to any of the (popular) families discussed in
class? If so, state the name of the family and find the corresponding parameters.

(a) X ~U(0,1)
(b) X ~ &(1)
(c) X ~N(0,1)

Solution: See handwritten solution

Problem 2. Consider each random variable X defined below. Let Y = 1 —2X. (i) Find
and sketch the pdf of Y and (ii) Does Y belong to any of the (popular) families discussed in
class? If so, state the name of the family and find the corresponding parameters.

(a) X ~U(0,1)
(b) X ~&(1)
(¢) X ~N(0,1)

Solution: See handwritten solution
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Problem 3. Let X ~ £(5) and Y = 2/X. Find
(a) Fy(y).
(b) fy(y)-
(c) EY

Hint: Because d%e*% = ;—367% > 0 for y # 0. We know that e v is an increasing
function on our range of integration. In particular, consider y > 10/In(2). Then,
10

e v > % Hence,

10 [ 10 101 5
—ef%dy> / —ef%dy> / ——dy = / —dy.
Yy Yy y 2 Y

0 10/1In2 10/1In2 10/In2

Remark: To be technically correct, we should be a little more careful when writing

Y = % because it is undefined when X = 0. Of course, this happens with 0 probability;

so it won’t create any serious problem. However, to avoid the problem, we may define

Y by
v X#0,
0, X=0

Solution:
(a) We consider two cases: “y <07 and “y > 0.

(i) Because X > 0, we know that Y = £ must be > 0 and hence, Fy(y) = 0 for

y < 0. Note that Y can not be = 0. We need X = oo or —oo to make Y = 0.
However, £00 are not real numbers therefore they are not possible X values.

(ii) For y >0,

Fy(y):P[ng]:P{f—(gy]:P[XES].

Note that, for the last equality, we can freely move X and y without worry-
ing about “flipping the inequality” or “division by zero” because both X and y
considered here are strictly positive. Now, for X ~ £(\) and = > 0, we have

o0

PX >a]= / Ae Mdt = —e M| =N

Therefore,
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Combining the two cases above we have

10
Ty, >0
R

(b) We show two methods that can be applied here to find fy(y).

Method 1: Because we have already derive the cdf in the previous part, we can find
the pdf via the cdf by fy (y) = d%Fy(y). This gives fy at all points except at y = 0

which we will set fy to be 0 there. Hence,

10

10—
_ 2¢ y>0
fY(y) {07 y < 0.

Method 2: See handwritten solution.

(c) We can find EY from fy(y) found in the previous part or we can even use fx ()

Method 1: . .
0 10 _10 10 _10
EY:/ yfy(y)z/yﬁe vdy = 5 ¢ v dy
B 0

[e.o]

From the hint, we have

T 10 T 101 T 5
EY > / —ef%dy> / ——dy = / —dy
y y 2 y
10/1In2 10/1n 2 10/1n 2

= 51ny\‘1>8/1n2 = o0.

Therefore, EY =[o0].
Method 2:

oo

oo 1
1 1 1 1
EY =E [—1 = / —fx (z)dx :/—)\e)“”d:r; > /—)\e’\xdm
X x x x
o 0 0
1 1

1 1
> /—)\e)‘dx = e / —dr = Xe™ Inz|, = oo,
T x

0 0

where the second inequality above comes from the fact that for x € (0,1), e™* > ¢
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Problem 4. In wireless communications systems, fading is sometimes modeled by lognor-
mal random variables. We say that a positive random variable Y is lognormal if InY is a
normal random variable (say, with expected value m and variance ¢?). Find the pdf of Y.

Hint: First, recall that the In is the natural log function (log base e). Let X = InY.
Then, because Y is lognormal, we know that X ~ N(m,0?). Next, write Y as a function of
X.

Solution:
We now show two methods that can be applied here to find fy (y):

Method 1: Finding fy(y) from Fy(y).

Because X = In(Y), we have Y = eX. We know that exponential function gives strictly
positive number. So, Y is always strictly positive. In particular, Fy(y) = 0 for y < 0.

Next, for y > 0, by definition, Fy(y) = P[Y < y]. Plugging in Y = ¥, we have

Fy(y)=P [eX < y} .

Because the exponential function is strictly increasing, the event [e* < y] is the same as the
event [X < Iny|. Therefore,

Fy(y) = P[X <Ilny|] = Fx (Iny).

Combining the two cases above, we have

| Fx(lny), y>0,
Finally, we apply
d
Fr(y) = —Fy(y).
V)= Py )

For y < 0, we have fy(y) = d%() =0. For y > 0,

d d

fr(y) = @Fy (y) = @FX (Iny) = fx (Iny) x %lny = ifx (Iny). (10.1)

Therefore,

1
i = { o 320

At y = 0, if we know that Y is a continuous random variable, we can assign any value, e.g.
0, to fy(0). Suppose this is the case. Then

0, otherwise.

fY(y)Z { ZfXany)? y>07
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Method 2: Finding fy(y) directly from fx(x).

Here we have Y = ¢g(X) where g(x) = e”.

Note that exponential function always gives positive number. So, for y < 0, there is no
(real-valued) z that satisfies g(x) = y. Therefore, fy(y) = 0 for y < 0.

For y > 0, there is exactly one z that satisfies g(z) = y, namely x = Iny. At z = Iny,

the slope ¢'(z) is €*[,_j,(,) = ey = 9. So,
1 1
ot = x5 = ) L ).

Combining the two cases above, we have

fY(y)Z {ng(lny)7 y>07

otherwise.

Here, X ~ N(m,0?). Therefore,

and

=

otherwise.

In(y)—m 2
{ 1 efé(yf) , y >0,

Extra Question

Here is an optional question for those who want extra practice.

Problem 5. Consider a random variable X whose pdf is given by

cx®, x€e(1,2),
Fx(@) = { 0, otherwise.

Let Y =4|X — 1.5].
(a) Find EY.
(b) Find fy(y).

Solution: See handwritten solution
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Q1

Tuesday, November 11, 2014 4:15 PM

We lknow tratr phen Y= a.X-t-LJ we \nauc

Thc/e'l:ove) /T L) =

Here, Y= 2X+1 . A
2
o o

1, o< x<& 1,
(@0 X~ Ulos) > Ao = {

o

S Otrerwise.
()

2

1, 0<&Y2 L V2, 1<y <3,
Tlnc,re‘pove) /\r (7) = -j- Fi( 2 { >,

o, 0 Hervuise o, o ther wise,

} Aoty)
$fe—
|

—e

1 2 T ﬁ\/
(iiy Yes. Y~ U (1,3)
1xe % Yo, e  a>o
(L) X ~ &(1) = ][);(ot) = =
o, oHrerwise o, otherwise.
o) e %
(4 a( L), x=4>o0, _;.ﬁ'e ) Y>>,
2
Theve‘Fovv_J 7{( Ly) =4 x =
z o, otherwise o, otherwise .

/2| - -

>y
1
() No. A\'\'L\ooa&\'\ #

v Jccays txfor\en"':al\)/) the ‘\cfooneml-Im\ Pa«-r’*

storts (@ 7:1 Lno-} @ y:o) We mo./ call ++wis Ai. tribuvion a
sh:‘{""ta e,tpm\en\-ia\ A::hibu\'ion. This A;a'\'l;bu*:o-ﬂ is %\f\\'e_ u>e‘|:u\
-FOv moa\e\ins O\J’\’Pu'\‘ ol e b'»o\oﬁ'\co.,\ nELYON Witk vc‘('/af.‘\'o')/ fer?oc!_

2 9

/ «
(€) We know that X~ N(m, 06*) = Y=aX+b ~/\/(

am+b, 0-20'1).
P‘uaj'nnj A A=2 ond h=1J we L\Olvd \f'v/V(z_m-rqj Lfo-")‘

”~s
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Plagging in &2z ond Lo me hoe Y~ W lamar, 4%,

’

Here, X~ /N(o,1) . So, Y~ N'(2x0%1, 4x1) = /V(‘b “)
\'(5" L95=2

(b)?ﬁty) -t e’

(i) Yes, A~ /r(";"")
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Q2

Tuesday, November 11, 2014 4:15 PM

We lknow tratr phen Y= t'a.><+l;-..J we \nauc

Ao =L A(722).
A))

Here, =—ZX+;|\. Tlﬂafe'l:o'e, 7/:((.)’) -4
2
o

G

1, o< x<& 1,
(cry X~ Ulo,) = 7‘){(‘) = {

o, Ofrerwise.
(';’) \-Yy 1 1<
1 0L =~ 1 /2 1<w <1,
Tlne.re'pove)/ (7) = "12-* ’ 2 = »{ g
Y o, 0 Herwvuise o, o ther wise.
A\
Aoty
vz °
T 0 f —
(it) Yes. Y ~ %('\,1)
1xe % Yo, e «>o,
(L) X~ &1y = /):Laq - =
o, oHPrerwise o, otherwise.
(A4 ~("F) vy o 1 er/z
- — 1
/ (A s —; 2 B ZE_ ] /< P
The,ve'Fovaj Y Ly) = 4x =
z o, otherwise o, otherwise .
J2| - -
1 : 4(7)
T >
1

LM) N o. A\-\-hooa\n fY has c,xfoﬂch'\':a\ c!cca)g s eva¢ss;o-\ co~ ot e

vewrirten ia t¥he form XC—A\/, y 70,
/Y () = { o, otrerise.
. o 2 2
(€) We know that X~ N(m, 0*) = Y=aX+b ~/V(a.m+l°)o.c )

P\ujj\nj A a=-1 ond L::‘IJ we L\ave \r—v I/V(1_2'm} Li-o'z)

N ~ - Nita . c /. ANlaa.nma.. o2\ A/'lq o\
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P\ugj\nj VA a=-1L Olnd b:‘ll we Havc \f'v |/V (1"2-\”‘) q-o")
Here, %X~ /N(0,1) . So, Y~Nl[2xov1 mx1) = N1, %)

’

NG s
v Ay = + e—’;(?’—;_—")"
N Vi 2 2

(ii) Yes, X~ /N(4)
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Q3b SISO (Method 2)

Friday, November 21, 2014 9:52 AM

(b) Let’s devive a T.ncra.\ formola for -‘:in&'\ﬁ 7{r(7) when Y:S‘;

“"ar contTinvpous RV X ond Fos'-i'ivc. constant Cu.

S'\'ep@ F-"\cl o\l 2 that sa""ns'Fy 7:(3(&) Helﬁl 3(‘,) =%.

P

Si

From thwe F\o'\', we see that ...

= ¢
®

(4) Fov y =0, Yhere is no 2 that satisbies 7:j{_<).

So, we have /Yty) =0.

Ltai) Foo /#O, fhere is OV\\)/ one & ¥wat satisfies 7:3(&);

e = &

7
Si’ep@ The slope at This &

‘“ay = - &
3( y) e
Theva‘:owe,

sree(® . ly) =2 —

Com\o‘-nGnS the cmcs“y:o" o3 y #o"

/\}Ly) =

o,

we \/\avc

“ (%),

Now, for e ‘wo\o\em under consiAchf§on,

7

>\e,'>"‘

So, # (e = { g
x

o

2

®*x 70,

»

y #0,

)/:-o.
X~ ELN) .

otYher wise.

Su\vsi"\\'uiqs s nto ;{((7;) Fow)tke cose when
-xa/

we \'\ave \ e

N
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we have Ae 71 & 20
o Y 7
= T S
Y 7 b a 0. « This cen ¥
7 Y l'\qu’cn when
N v £O.
- 01./)/ —10/)/
= 9"-%‘& = 1_01_ e
’ /
o=
A=6

Conclusion :

o otherwise .
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Q5

Saturday, November 22, 2014 11:54 PM

First, we need to £ind the constant c.

For ary Faf; we krow that S){(Lx)o].c =1.
2 2 -0 )
T"\e'e_"‘oreJ XC X,La\‘. = C S,{,‘LA& =C &}) = C ( &_'51)
3

1 1
Hence, (= 3/7_.

2 2
(> [EY = lE['-\\x—q.s\) = 4 5)&-1-5\ 2 xtde =12 S |e-1.51 2 e
1 1

x-1.5, x5
=15\ =
‘ \ 1.5-« & 415

1.5 2
='—;-‘< S@.B—x) o Ju & 3(4-1.5) acLéx) = E—Z
1 1.5

- >,
(L ‘(—-“t\x—1-5\={trx c, = ‘Ig’].s_:_ﬁLX)

6-4 X, X £1.5

Ler’s r\o\' the Func"';()ﬂ 3(,‘):

%Lx_) = ‘-(-)af_-‘l-S\

17 1S 2

Metned1: Devive the £ b —A—' F ly)
4 dy Y

By co~struction 'FHJ"'\ ‘ ]) we krow that Yo, Threre 'FOIC
® ¥ y -
o) =0 For o

This weans 7{((7) =0 -Fof 7(0.

Fo- cont. X,
@ For y=o, Fylo) =P[1¢0] = P(x=0) <%
@ For Y Vo, Ya .

Y = 4| x-1.5)

i 1T1Stz X
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| N\ N
—l 1 1.S'E X
] y:ﬂx—(.
-6 x=yre
7_5 ke "

¢=‘:'_Y
q

the event [ gy] s the same oy the event [_"-’;"$ X £ 9_.-:-" ]
T\«ue-rove) for cont. X
Fron=p 4 ex ¢ 9] r () R()  when y>o.

This imr\'nu

_d | bty 4 6~y
/YIVJ-‘EFTLV)_;{JT«) *";/;‘L-; when ¥ 0O (k%)
2 75 ST S
p|U5_;,\ 74(-)-. g.() when) £ (DL 3
e NS
(1L ETe e
] ]
|‘l<6">’<? :l|L'<‘_/<? ’
V=2 &2 )l -y L2 )]
N !

~
- =

[
\ - 2; 2 _7'<-zla

Note oqa:n that +ho a.—o.l),s‘u s walid on\/ £or )/>o.

Tke't-rou,

12 () 15)), 6¢r<a
’<rl71=)l" 7“") 7)) eer

o,

)r>,z

Conbh\'.ns @ OV\J @J we ‘Aﬂvf—

a((e), 1)) o .
/Yl)’}:{ ?kl")fl"))' et

o. otherwise.
2 (2
21‘1(7+3‘)/ O()’(i,
o, otherwise.

oo 2
3
Check  BY = s/;{r(y)é)/ = .\f;“rky +%7) c}/ = 2 amseme oo pact
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Check

LY =)/ ey E

=o°

Jaee\/ 7T/ )Y Tse T T TTrTT T
o]

Me‘\’\noé 2 - Pe_r'.\/e e réf O{' Y a:(ec*y '(:VOM rA7[ o{' .

@® Fiad x volue which sa-‘\"-s“.')/ >/=cjl-d-)- There are three cases.
(4) When }’401 Yhere 1s no 2 which sa-'\'-a{-'.ej 7:3(4).

Rence |, 7{(Ly) = 0. <« Seme o (k) above.
(4£) When

=0, there is one o¢ value v-\f\'-c\/\ scd"n"‘lu )’:C\)“)/
namc\y) X =0.

(44 ) When y 7o, tree s Ywo x value, which so.-\-‘.;‘['), y:DL“—JJ

nome\y) e = ‘LETY

® Find s\o\ac ay each solu¥ion of /:3(.-0.

() At x =0, the s\ore c\ou ~ot exisy. ‘/x 1> & cont. RV.
However, vote Yhat ?[ﬁ:o] e {![x =°] = 0-

Tlnc-re(:orcl w e mc\/ dg;:'\t

\ YL’) @ /-O +o be ﬁ'\/ Alh'\'}'ray/
valve,

Heve, we set A lo) =0, <= same oo (v above

(40) AY e = e’.%", tre slopes ave T4, "”f"‘*"w‘y-

® A= 2L
x |3¢(‘))

(¢4) When y e, /TLy)

where Yre % ave Yve so\u*—}o,., o-‘- >’= 3(4).
ety 6-Y
750 A=)
| -1 a

'E;A((:T:y)i-i‘_rkb::y) €& Some oo

(¥ 3ev) above.

"
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