
ECS 315: Probability and Random Processes 2014/1

HW Solution 10 — Due: Nov 20

Lecturer: Prapun Suksompong, Ph.D.

Instructions

(a) ONE part of a question will be graded (5 pt). Of course, you do not know which part
will be selected; so you should work on all of them.

(b) It is important that you try to solve all problems. (5 pt)
The extra question at the end is optional.

(c) Late submission will be heavily penalized.

(d) Write down all the steps that you have done to obtain your answers. You may not get
full credit even when your answer is correct without showing how you get your answer.

Problem 1. Consider each random variable X defined below. Let Y = 1 + 2X. (i) Find
and sketch the pdf of Y and (ii) Does Y belong to any of the (popular) families discussed in
class? If so, state the name of the family and find the corresponding parameters.

(a) X ∼ U(0, 1)

(b) X ∼ E(1)

(c) X ∼ N (0, 1)

Solution : See handwritten solution

Problem 2. Consider each random variable X defined below. Let Y = 1 − 2X. (i) Find
and sketch the pdf of Y and (ii) Does Y belong to any of the (popular) families discussed in
class? If so, state the name of the family and find the corresponding parameters.

(a) X ∼ U(0, 1)

(b) X ∼ E(1)

(c) X ∼ N (0, 1)

Solution : See handwritten solution
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Problem 3. Let X ∼ E(5) and Y = 2/X. Find

(a) FY (y).

(b) fY (y).

(c) EY

Hint: Because d
dy
e−

10
y = 10

y2
e−

10
y > 0 for y 6= 0. We know that e−

10
y is an increasing

function on our range of integration. In particular, consider y > 10/ ln(2). Then,

e−
10
y > 1

2
. Hence,

∞∫
0

10

y
e−

10
y dy >

∞∫
10/ ln 2

10

y
e−

10
y dy >

∞∫
10/ ln 2

10

y

1

2
dy =

∞∫
10/ ln 2

5

y
dy.

Remark: To be technically correct, we should be a little more careful when writing
Y = 2

X
because it is undefined when X = 0. Of course, this happens with 0 probability;

so it won’t create any serious problem. However, to avoid the problem, we may define
Y by

Y =

{
2/X, X 6= 0,
0, X = 0.

Solution :

(a) We consider two cases: “y ≤ 0” and “y > 0”.

(i) Because X > 0, we know that Y = 2
X

must be > 0 and hence, FY (y) = 0 for
y ≤ 0. Note that Y can not be = 0. We need X = ∞ or −∞ to make Y = 0.
However, ±∞ are not real numbers therefore they are not possible X values.

(ii) For y > 0,

FY (y) = P [Y ≤ y] = P

[
2

X
≤ y

]
= P

[
X ≥ 2

y

]
.

Note that, for the last equality, we can freely move X and y without worry-
ing about “flipping the inequality” or “division by zero” because both X and y
considered here are strictly positive. Now, for X ∼ E(λ) and x > 0, we have

P [X ≥ x] =

∞∫
x

λe−λtdt = −e−λt
∣∣∞
x

= e−λx

Therefore,

FY (y) = e−5(
2
y ) = e

−10
y .
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Combining the two cases above we have

FY (y) =

{
e−

10
y , y > 0

0, y ≤ 0

(b) We show two methods that can be applied here to find fY (y).

Method 1: Because we have already derive the cdf in the previous part, we can find
the pdf via the cdf by fY (y) = d

dy
FY (y). This gives fY at all points except at y = 0

which we will set fY to be 0 there. Hence,

fY (y) =

{
10
y2
e−

10
y , y > 0

0, y ≤ 0.

Method 2: See handwritten solution.

(c) We can find EY from fY (y) found in the previous part or we can even use fX(x)

Method 1:

EY =

∫ ∞
−∞

yfY (y) =

∞∫
0

y
10

y2
e−

10
y dy =

∞∫
0

10

y
e−

10
y dy

From the hint, we have

EY >

∞∫
10/ ln 2

10

y
e−

10
y dy >

∞∫
10/ ln 2

10

y

1

2
dy =

∞∫
10/ ln 2

5

y
dy

= 5 ln y|∞10/ ln 2 =∞.

Therefore, EY = ∞ .

Method 2:

EY = E
[

1

X

]
=

∞∫
−∞

1

x
fX (x) dx =

∞∫
0

1

x
λe−λxdx >

1∫
0

1

x
λe−λxdx

>

1∫
0

1

x
λe−λdx = λe−λ

1∫
0

1

x
dx = λe−λ lnx|10 =∞,

where the second inequality above comes from the fact that for x ∈ (0, 1), e−λx > e−λ.
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Problem 4. In wireless communications systems, fading is sometimes modeled by lognor-
mal random variables. We say that a positive random variable Y is lognormal if lnY is a
normal random variable (say, with expected value m and variance σ2). Find the pdf of Y .

Hint: First, recall that the ln is the natural log function (log base e). Let X = lnY .
Then, because Y is lognormal, we know that X ∼ N (m,σ2). Next, write Y as a function of
X.

Solution :
We now show two methods that can be applied here to find fY (y):

Method 1 : Finding fY (y) from FY (y).
Because X = ln(Y ), we have Y = eX . We know that exponential function gives strictly

positive number. So, Y is always strictly positive. In particular, FY (y) = 0 for y ≤ 0.
Next, for y > 0, by definition, FY (y) = P [Y ≤ y]. Plugging in Y = eX , we have

FY (y) = P
[
eX ≤ y

]
.

Because the exponential function is strictly increasing, the event [eX ≤ y] is the same as the
event [X ≤ ln y]. Therefore,

FY (y) = P [X ≤ ln y] = FX (ln y) .

Combining the two cases above, we have

FY (y) =

{
FX (ln y) , y > 0,
0, y ≤ 0.

Finally, we apply

fY (y) =
d

dy
FY (y).

For y < 0, we have fY (y) = d
dy

0 = 0. For y > 0,

fY (y) =
d

dy
FY (y) =

d

dy
FX (ln y) = fX (ln y)× d

dy
ln y =

1

y
fX (ln y) . (10.1)

Therefore,

fY (y) =

{
1
y
fX (ln y) , y > 0,

0, y < 0.

At y = 0, if we know that Y is a continuous random variable, we can assign any value, e.g.
0, to fY (0). Suppose this is the case. Then

fY (y) =

{
1
y
fX (ln y) , y > 0,

0, otherwise.
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Method 2 : Finding fY (y) directly from fX(x).
Here we have Y = g(X) where g(x) = ex.
Note that exponential function always gives positive number. So, for y ≤ 0, there is no

(real-valued) x that satisfies g(x) = y. Therefore, fY (y) = 0 for y ≤ 0.
For y > 0, there is exactly one x that satisfies g(x) = y, namely x = ln y. At x = ln y,

the slope g′(x) is ex|x=ln(y) = eln y = y. So,

fY (y) =
fX (x)

|g′ (x)|
=
fX (ln (y))

y
=

1

y
fX (ln (y)) .

Combining the two cases above, we have

fY (y) =

{
1
y
fX (ln y) , y > 0,

0, otherwise.

Here, X ∼ N (m,σ2). Therefore,

fX (x) =
1√
2πσ

e−
1
2(x−mσ )

2

and

fY (y) =

{
1√
2πσy

e−
1
2( ln(y)−m

σ )
2

, y > 0,

0, otherwise.

Extra Question

Here is an optional question for those who want extra practice.

Problem 5. Consider a random variable X whose pdf is given by

fX(x) =

{
cx2, x ∈ (1, 2) ,
0, otherwise.

Let Y = 4 |X − 1.5|.

(a) Find EY .

(b) Find fY (y).

Solution : See handwritten solution
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