ECS 315: Probability and Random Processes

2019/1

HW Solution 11 — Due: November 21, 4 PM
Lecturer: Prapun Suksompong, Ph.D.

Problem 1 (Yates and Goodman, 2005, Q3.4.5). X is a continuous uniform RV on the
interval (—5,5).
(a) What is its pdf fx(z)?
(b) What is its cdf Fx(z)?
(c) What is E [X]?

[
(d) What is E [X°]?
(e) What is E [¢X]?

Solution: For a uniform random variable X on the interval (a,b), we know that

0, r<aorzxz>b,
fX(x):{

1

—a’ agxgb
and
0, T < a,
Fx (x) =, a<z<bh
1

) x> b.
In this problem, we have a = —5 and b = 5.

(a) fx (z) = {O, r<—95orx>»>H,

1

0, T < —9,
(b) Fx (z) =|q %2, a<az<b.
1, T >9H

00 5
(c) EX:_f a:fx(x)da::_f5x>< =

T 2
10 2| o~ 210 (52_(_5) ) :@-
In general,
Fo 1 122" 1 B —ad® a+b
/&b—ax b—a/xx b—a 2| b—a 2 2

With a = —5 and b = 5, we have EX =[0].
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0o 5 5
(1) B = [ x5fx(a:)dx:;£as5><%da::%0%6_5:%(56—(—5)6):@
In general,
Fo 1 1 28] 1 5 —df
E[X°] = [ 2° de = /5d = —| =
[ } /xb—ax b—a v b—a 6|, b—a 2

With a = —5 and b = 5, we have E[X°] =[0].

(e) In general,

1 1 1 et — e
E[e¥] = dv = " = "o =
[e¥] /eb—ax b—a/e T _ae]a —
JER
With a = —5 and b = 5, we have E [eX] = i ~ 14.84.

Problem 2 (Randomly Phased Sinusoid). Suppose O is a uniform random variable on the
interval (0, 27).

(a) Consider another random variable X defined by
X = 5cos(7t + O)
where ¢ is some constant. Find E [X].

(b) Consider another random variable Y defined by
Y = 5cos(Tty + ©) x 5cos(Tty + O)
where t; and 5 are some constants. Find E[Y].

Solution: First, because © is a uniform random variable on the interval (0,27), we
know that fo(0) = 5=1(02m (t). Therefore, for “any” function g, we have

Ely(©) - [ " 9(0) fol0)d0.

[e.9]

(a) X is a function of ©. E [X] = 5E [cos(Tt + ©)] =5 f027r 5= cos(Tt + 0)df. Now, we know

2m
that integration over a cycle of a sinusoid gives 0. So, E[X] = @
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(b) Y is another function of ©.

2m 1
E[Y] =E[5cos(7t; + O) x 5cos(Tty + ©)] = /0 2—5 cos(7t; 4+ 0) x 5cos(Tty + 0)do

m
2

cos(Tty + 0) x cos(Tty + 6)d6.

Recal]lﬂ the cosine identity

cos(a) x cos(b) = % (cos(a+b)+cos(a—10)).

Therefore,
25 2w
EY = yp cos (Tty + Tta 4 20) + cos (7 (t1 — t2)) db
T
25 ’ 2m 2m
= — (/ cos (Tt + Tty + 260) do +/ cos (7 (t; — t2)) d9> :
4 \ Jo 0

The first integral gives 0 because it is an integration over two period of a sinusoid. The
integrand in the second integral is a constant. So,

25 o 25 25
EY = — cos (7 (t1 — t2)) df = —cos (7(t1 —ta)) 2w =| —cos (7 (t1 — t2)) |
4dm 0 4m 2
IThis identity could be derived easily via the Euler’s identity:
ja 4 g—ja  eib 4 e=ib 1 o o o
cos(a) x cos(b) = c +2€ x & +26 =1 (e7%e1? 4 e77%eIb 4 eI%e™Ib 4 emT0e7IP)
1 [elaelb 4 eiaeg=ib  g=daeib 4 elag=ib
T2 < 2 2 )

:%(cos(a-l—b)-i'cos(a_b))'
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