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13 Confidence Interval on the Mean of a Nor-

mal Distribution

13.1. Motivation: We are often involved in estimating parame-
ters. You know that you can use the sample average X to estimate
the (true) population mean µ. However, we also know that the
population mean is unlikely to be exactly equal to your estimate.
Reporting the estimate as a single number is unappealing, because
there is nothing inherent in X that provides any information about
how close it is to µ. Your estimate could be very close, or it could
be considerably far from the true mean. A way to avoid this is to
report the estimate in terms of a range of plausible values called a
confidence interval.

Definition 13.2. The following terms are of great importance in
interval estimation:

• Interval Estimate : A range of values within which the
actual value of the population parameter may fall.

• Interval Limits: The lower and upper values of the interval
estimate.

• Confidence Interval : An interval estimate for which there
is a specified degree of certainty that the actual value of the
population parameter will fall within the interval.

13.3. We cannot be certain that the interval contains the true,
unknown population parameter. However, the confidence interval
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is constructed so that we have high confidence that it does contain
the unknown population parameter

A confidence interval always specifies a confidence level, usually
90%, 95%, or 99%, which is a measure of the reliability of the
procedure.

Definition 13.4. A confidence interval (CI) estimate for the
population mean µ is an interval of the form ` ≤ µ ≤ u, where the
endpoints ` and u are computed from the sample data.

Because different samples will produce different values of ` and
u, these end-points are random variables and hence we should write
them as L and U , respectively. Suppose that we can determine
values of L and U such that the following probability statement is
true:

P [L ≤ µ ≤ U ] = 1− α
where 0 ≤ α ≤ 1. There is a probability of 1 − α of selecting a
sample for which the CI will contain the true value of µ.

The end-points or bounds L and U are called the lower- and
upper-confidence limits, respectively, and 1 − α is called the
confidence coefficient. When the confidence coefficient is stated
as a percentage, we call it a confidence level.

To illustrate these and several other terms discussed so far,
we have provided their values in the following example, which is
typical of published statistical findings.

Example 13.5. Consider the following study: “In our simple ran-
dom sample of 2000 households, we found the average income to
be x = $65, 000, with a standard deviation, s = $12, 000. Based
on these data, we have 95% confidence that the population mean
is somewhere between $64,474 and $65,526.”

In this study, we have

• Point estimate of µ: $65,000

• Point estimate of σ: $12,000

• Interval estimate of µ: $64,474 to $65,526
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The interval estimate for the mean simply describes a range of values that is
likely to include the actual population mean. This is also the case for our use of
the sample proportion (p) to estimate the population proportion (�), as well as
for our construction of an interval estimate within which the actual value of � is
likely to fall.

The following terms are of great importance in interval estimation:

INTERVAL ESTIMATE A range of values within which the actual value of the
population parameter may fall.

INTERVAL LIMITS The lower and upper values of the interval estimate.
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FIGURE 9.1
Examples of seven different
interval estimates for a pop-
ulation mean, with each in-
terval based on a separate
simple random sample from
the population. Six of the
seven interval estimates in-
clude the actual value of �.

(continued)

Figure 20: Examples of seven different interval estimates for a population mean,
with each interval based on a separate simple random sample from the popula-
tion. Six of the seven interval estimates include the actual value of µ

150



• Lower and upper interval limits for µ: $64,474 and $65,526

• Confidence coefficient: 0.95

• Confidence level: 95%

When constructing a confidence interval for the mean, a key
consideration is whether we know the actual value of the popu-
lation standard deviation (σ). This will determine whether the
normal distribution or the t distribution will be used in determin-
ing the appropriate interval.

13.1 Confidence Interval on the Mean of a Normal Dis-
tribution, Variance Known

In this subsection, we assume thatX1, X2, . . . , Xn is a random sam-
ple from a normal distribution with unknown mean µ and known
variance σ2.

13.6. Recall that X is normally distributed with mean µ and
variance σ2/n.
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